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Abstract. Let M be a regular Riemann surface with a metric which has 
constant scalar curvature p. We give the asymptotic expansion of the sum of 



dm-l 



E W S ^o)\\l m ~m(l + -^-)+0 



2m' 

z— 

where {So, ■ ■ ■ , Sd m -i} is an orthonormal basis for H°(M, K71) f° r sufficiently 
large m. 



1. Introduction 

Let M be an n-dimcnsional compact complex Kahler manifold with an ample 
line bundle L over M. Let g be the Kahler metric on M corresponding to the Kahler 
form ojg — Ric(h) for some positive Hermitian h metric on L. Such a Kahler metric 
g is called a polarized Kahler metric. The metric h induces a Hermitian metric h m 
on L m for all positive integers m. Let {So, • • • , Sd m -i} be an orthonormal basis of 
the space H°(M, L m ) with respect to the inner product 

(1-1) {S,T)= f (S(x),T(x)) hm dV g , 

where d m — dim7J°(M, L m ) and dV g = -4- is the volume form of g. The quantity 

dm-l 

(1.2) £ ii^wiiL 

i=0 

is related to the existence of Kahler-Einstein metrics and stability of complex man- 
ifolds. A lot of work has been done for (|1.2[) on compact complex Kahler manifolds. 
Tian [5] applied Homander's L 2 -estimate to produce peak sections and proved the 
C 2 convergence of the Bergman metrics. Later, Ruan [5] proved the C°° conver- 
gence. About the same time, Zelditch [7] and Catlin [3] separately generalized the 
theorem of Tian by showing there is an asymptotic expansion 

(1.3) \\Si(x)\\l m - a Q {x)m n + oi^m^ 1 + a 2 {x)m n - 2 +■■■ 

i=0 

for certain smooth coefficients a,j(x) with ao = 1. In |10j . Lu proved that each 
coefficient a,j(x) is a polynomial of the curvature and its covariant derivatives. In 
particular, a\ = where p is the scalar curvature of M. These polynomials can be 
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found by finitely many steps of algebraic operations. Recently, Song [3] generalized 
Zclditch's theorem on orbifolds of finite isolated singularities. The information on 
the singularities can be found in the expansion. 

On the Riemann surfaces with bounded curvature, Lu [9] proved that there is 
a lower bound for (|1.2p . Later, the result of Lu and Tian |8J implies that on the 
Riemann surfaces with constant scalar curvature p, the asymptotic expansion (|1.3j) 
is given by 



i=0 v 

for any p > 0. In the current paper, we obtain a more precise result for (|1.3|) . 

Theorem 1.1. Lei M be a regular compact Riemann surface and Km be the canon- 
ical line bundle endowed with a Hermitian metric h such that the curvature Ric(h) 
of h defines a Kahler metric g on M . Suppose that this metric g has constant scalar 
curvature p. Then there is a complete asymptotic expansion: 

dm-l 

* — ' m 2m 

i=o 

where {So,-- - ,Sd m — 1} is an orthonormal basis for H°(M,K M ) for some m > 
max{e 20v ^ + 2|p|, |p| 4 ^ 3 , j, \f^\}> where 5 is the injective radius at xq. 

Our result indicates that the asymptotic expansion p.3[) is in exponential decay. 
Englis [2] has an asymptotically expansion for the Berezin transformation on any 
planar domain of hyperbolic type. He also showed that Berezin kernel pQ has 



B( 77 , 77 ) = m(l + O(l)po(0)^) 



where po(0) is a positive constant. 

Acknowledgements. The author thanks her advisor Z. Lu for his suggestions 
and help during the preparation of this paper. She also thanks R. Chiang for her 
encouragement . 

2. General set up 

Let M be an n-dimensional compact complex Kahler manifold with a polar- 
ized line bundle (L, h) — > M. Choose the if-coordinates (z\, - ■ ■ , z n ) on an open 
neighborhood U of a fixed point xq £ M. Then the Kahler form 



T ™ 

- E 9 a dz a A dz fi 



a, 0=1 



2vr 
satisfies 

d Pl+ "' +Pn g a g 

(2- 1 ) 9 a p{xo) = 5 a p, dz p t ,,,g z p n ( x o) = °> 

for a, f3 = 1, • • • , n and any nonnegative integers pi, - ■ ■ ,p n with p\ + ■ ■ ■ +p n ^ 0. 

We also choose a local holomorphic frame e£ of the line bundle L at xq such 
that a is the local representation function of the Hermitian metric h. That is, 
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Under the A-coordinate, the function a has the properties 

QPl-l — hp„ 

(2-2) a(x ) = 1, pi ^r(a)^o) = 

oz^ • • • oz n 

for any nonnegative integers pi, • • ■ ,p n with pi + ■ ■ ■ + p n =/= 0. 

Let {So, • • • , Sd m -i} be a basis of H°(M, L m ). Assume that at the point xq g M, 

Sq(x q )^0, Si(x ) = 0, i = 1, ••• ,d m - 1. 

If the set {So, • • • , Sd TO _i} is not an orthonormal basis, we may do the following: 
Let the metric matrix 

Fij = {Si, Sj), i, j ' — 0, ■ ■ • , d m — 1 

with respect to the inner product By definition, (P«) is a positive definite 

Hermitian matrix. We can find a d m x d m matrix G.y such that 

Fij = *S ' GikGjk- 

k=0 

Let be the inverse of (Gy). Then {X^=o 1 Hij^j} forms an orthonormal basis 

of ff°(M, L m ). The left hand side of (TO]) is equal to 

d m -l d m -l d m -l 

(2.3) II E ^^(^)IIL = E i^oi 2 nsoK)iiL- 

i=0 j=0 i=0 

Let (7y) be the inverse matrix of (Py). Denote that 

(2.4) £ |ff i0 | 2 = /oo. 

i=0 

In order to compute (|2.4p , we need a suitable choice of the basis {So, • • • , Sd m -i}. 
We select some of Tian's peak sections in our basis. The following lemma an 
improved version of Tian's result [SJ Lemma 1.2], which is done by Lu and Tian. 

Let Z™ be the set of n-tuple integers P — (pi, • • • ,p n ) such that each pi is a 
nonnegative integer for i = 1, • • • , n. For P £ Z™ , we denote that z p = z^ 1 ■ ■ ■ z^ n 
and |P| = pi H p„. 

Lemma 2.1 (Tian). Suppose Ric(g) > —Kuj g , where K > is a constant. For 
P G Z™ and an integer p' > |P|, Zei m oe an integer such that 

m > max{e 2(Vn+2p ' + 2A, e 8(p '- 1+n) }. 
TTien i/iere is a holomorphic section Sp, m G H°(M,L m ), satisfying 

(2-5) |/ ||S P , m || 2 m a%-l| <Ce-*( logm > 2 . 

JAf 

Moreover, Sp :in can be decomposed as 

Sp.rn — Sp.rn Up jTn 

such that 



(2.6) Sp, m (x) = Ap?7 



™M 2 \ , m [We£ ^{N<& 



(logm)V * }0 xeM\{\z\< 1 -^} 
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and 

(2.7) / \\u P . m \\l m dV g <Ce-i^^ 2 : 

where r\ is a smoothly cut-off function 

' 1 for < t < \ 



satisfying < —lf(t) < 4 and \r)"(t)\ < 8 and 



2 ' 

fort>\. 



(2.8) A p 2 = / \z p \ 2 a m dV g . 

Proof. Define the weight function 

t r n / „ /n / mlzl 2 \ , / mlzl 2 
* z = n + 2p')r) 11 log — U- 
\ (log mj^y \(logm)- 

A straightforward computation gives 

(2.9) ^s* > 

(logm) 2 

By using (|2.9[) . we can verify that 

- 27T 1 

(59* + -^==(ffic(/i m ) +Ric(g)),v Av) g > -m\\v\\ 2 
For P £ Z+ , consider the 1-form 



m\z 



2 



(log my 

Since tup = in a neighborhood of ieo, we have 

/ lltopll^e - *^ < +oo. 
Jm 

By [51 Prop. 2.1], there exists a smooth L m -valued section up such that dup = wp 
and 

(2.10) f \\u P \\l m e-*dV a < - [ \\w P \\l m e-*dV g < oo. 

Jm m Jm 

By direct computation, we get 

a C(logm) 2 ^ 1 ) f 
Up\\ h e dv g < / a dVo. 



Under the if-coordinate, we have 
Hence we get 



a m = e mlo s a — e m (-M +o(NI ))_ 



M ' utlm 9 ~ mP+ n 



for some constant C\. Let Sp im = \pr/( n^^\2 )z P e" an d u P.m — Apitp. Use a 
result in [TU] 

\ 2 P <C 2 m n+ \ p \ 
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for some constant Cb. Then we have 

/ \\u P , m \\ 2 hm dV g < C(logm) 2 (l p l- 1 +")e^0° g ™) 2 

J M 

Choosing m > e 8 ^ p we obtain 

\\u Pim \\ldV g <Ce-i^ m ^. 



M 



a 



3. Proof of Theorem 11.11 



Proof. Let M be a smooth compact Riemann surface with a metric g that has 
constant scalar curvature. Let Xq be a fixed point. Let 

U = {x : dist(x,Xo) < 5}, 

where S is the injective radius at xq. It is well known that on a Riemann surface 
there is an isothermal coordinate at each point on U. We may assume that there is 
a holomorphic function z on U and it defines the conformal structure on U. That 
is, 

ds 2 = gdzdz 

and g > 0. The metric g satisfies 

dg 

(3.1) A log .9 = -p, g(x ) = 1, and ~-(>o) = 0, 

where 

.-1 5 2 



A = 9- 



dzdz 

is the complex Laplace of M. Since the metric g has conformal structure, it is 
rotationally symmetric. We can write (|3.1[) in polar coordinates (r, 6): 

( 3 - 2 ) 7TT + _ ^ (ir) =- 4 W, ff(O,0) = l, — (0,6') = 0, 

ar^ ror g or or 

where z — re 10 , and \z\ 2 = r 2 . There exists a solution 



( 3 - 3 ) (i + £|*|2)a 

to p.2p for |z| < w — - if p < 0. Suppose that there exists another solution g\ to 



(j3T2j) . We have 

A log (31 /.g) = and 1 (x ) = 1 . 
For p < 0, let rg < \ —-■ Since g and g\ are rotationally symmetric, they remain 



p 

constant on \z\ = ro- The harmonic function log(g/gi) is a constant on \z\ < ro 
by Maximum Principle. By definition, we have g(xo) = gi(xo) = 1. Therefore, the 
solution in (|3 - 3[) is unique around Xq. By the same reason, g = g\ on {dist(a;, xq) < 
5i} for some Si < S for p < 0. 

Let a be the local representation of the metric h on Km such that 



6 



CHIUNG-JU LIU 



If we normalize a and a satisfies 

da 

(3.4) Alogo = -l, a(x )=l, -^(x )=0. 

Since 

a 2 

--^-^loga = ,g, 
log a is also rotationally symmetric. Since 



(3.5) 



(l + f|z| 2 ) ifp^O; 
e"l z l 2 , if p = 0. 



satisfies (|3.4[) . the local uniqueness is due to the same reason. 

We need to choose sufficient large m such that lo f-^ < minjj, w Ai- With these 

v m y \p\ 

particular solutions of g and a, we further compute 
Aq 2 = / a m g^^dz A dz 

/logm. 
m (1 + -r 2 y^f- 2 rdr 

For m > max{|p| 4 / 3 , 10}, we have | f — B m ^ | < 1/2. For /? 7^ 0, this gives 

- | p (logm) 2 1-^ ^ 2e _^( S O^-i (£02^)2+...) < Ce -(i ogm f_ 
2 m 
For /J = 0, we have 

A,: 2 = / e -™M 2 ^Zl dz /\ dz = -(1 + O(e-( logm ) 2 )). 

7| 2 |<i£^L 2tt m 

Hence we obtain 

(3.7) A -2 = _Lf 1 + ( e -(io g) 

m + I V 

From the properties of g and a, the isothermal coordinate (U, z) is a if-coordinate. 
According to Lemma 12.11 we may choose two peak sections 

m\z\ 2 
(logm) 2 

Sl,m = A 1 (7 7 ( n W|z| ' )z{dz) m -U X ) 

(log to) ^ 

in H°(M, K^) for some to > e 20 ^ 1 + 2|p|. Obviously, we have S , m (x ) ^ and 
SLm(^o) = 0. Let the subspace 

V = {Se H° (M, K%)\S(xo) = 0, DS(x ) = 0}, 

where I? is a covariant derivative on K 1 ^. Let T\, • • • , Td m _2 be an orthonormal 
basis of V. Let 



So,™ = AqM n J' 2 )(^) m -^ ) 



(3.8) 5, = 



5,,™ if i = 0, 1 

Tj_i if 2 < i < d m — 1 
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Then {S}^ -1 forms a basis for H°(M, K$). Locally, each has the form f l {dz) m 
for some holomorphic function fi defined in U. The holomorphic function fi has 
Taylor expansion as fi = 'Y^ =2 bi a z a in U, since Ti{xq) = and DTi{xo) = for 
1 < i < d m - 2 

Lemma 3.1. Let {S l }^~ 1 be the basts of H°{M,K™), defined in ([iL8]) . For 
m > e 20 ^ + 2\p\, the Hermitian matrix 



is given by 



(Si,Sj)= (Si(x),Sj(x)) hm dV g 

JM 



{S 0) S ) = l + Oie-^ 2 ^ 1 - 



(S„,Si) = Oie-^ 1 - 



(Si.Si) = l + Ole-T 



(So, Si) = 0[e-^^ 



(Si, Si) = Ole- 12 ^ 



{Si, Sj) — <5jj 

/ori,j = 2,- • • ,d m - 1. 

Proof. By definition, we have (Si, Sj) = <5y for 2 < i, j < d m — l. The inner product 
of {Si, Si) for < i < 1 is directly from Lemma [2.11 Since a m g is rotationally 
symmetric, we have 

z a a m gdVo — for arbitrary positive integer a. 

I*l<^ 
Then we get 

(So, Si) = (So, Si) + (A w ,Si) + (S , Aiui) + (uo,ui) 



= O 



Consider 



m\z\ 2 
logm 

< A / V b {l _ 1)a z a a m gdV Q + \ \\u \\ ■ ||S||. 



(So, Si) - / {Xo{v{ 7r ^^){dz) m -u Q ),f^ 1 {dz) m ) hm dV g 
Jm (logm) 2 



Thus we have 



(S , Si) = Q[ e" 112 ^ ] for 2 < i < d m - 1. 



Similarly, consider 

« oo 

(Si.S,-) < A / V6 (l _ 1)Q ^ a a m «7d^,+Ai|| U i|M|S|| for 2 < i < d m - 1. 
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Since a m g is rotationally symmetric, J,, ^ log TTL ZZ a Q m gdVo = for a > 2. Hence we 
obtain 

(s 1 ,s i ) = o(e- i ^y 

□ 

According to |10[ Definition 3.1], the metric matrix can be represented by 
the block matrices 

/ {S 0) S ) (S ,Si) Mi 3 
(3.9) {Fij) = {St, S ) M 23 

\ M 3 i M 32 £ 

wher e M 13 = ((S ,S 2 ), ■ • • , {So, S dm -i)), M 23 = {{S U S 2 ), • • • , (Si, M 3 i = 

Mj^, M 32 = M^, and £ is a (d m — 2) x (d m — 2) identity matrix. By us- 
ing [101 Lemma 3.1], we obtain 



(3-10) loo - 77r~TTT + (t^tt) 2 ( (So, Si) M 13 ) Af- 1 f ( ^ o) 
(6 , i>o) (60,60) V M 3i 



where 



*=( (S M,t' ^)-(^)( ( Mf !<<*•*> M, 3 ) 
Applying Lemma |3~T1 in (|3.10p , we get 

(log-") 2 



(3.11) loo = 1 + I e 

In order to evaluate the expansion of (|2.3|) . we are left to find ||So(a;o)||/, = Aq. 
From (13.71). we have 



A « = m(1 + £ ) ( 1 + ^ (1OS " l)2 )) 



Therefore, the Tian-Yau-Zelditch expansion according to (|2.3j) on a Riemann sur- 
face with constant scalar curvature p is 

^00 Aq 

= (1 + (e-^))m(l + + °(^ il ° Sm)2 )) 

2m \ J 

for m > max{e 20 ^ + 2\p\, |p| 4 / 3 , ±, y^}. □ 
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